
Transparents du huitième cours

– Modèle Standard

– γ5 et Dim-Reg

– Espaces de dimension z

– Anomalies et formule de l’indice locale
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+Ḡa∂2Ga + gsf
abc∂µḠ

aGbgcµ − ∂νW+
µ ∂νW

−
µ −M2W+

µ W
−
µ −

1

2
∂νZ

0
µ∂νZ

0
µ

− 1

2c2w
M2Z0

µZ
0
µ−

1

2
∂µAν∂µAν−

1

2
∂µH∂µH−

1

2
m2
hH

2−∂µφ+∂µφ
−−M2φ+φ−

−1

2
∂µφ

0∂µφ
0− 1

2c2w
Mφ0φ0−βh

(

2M2

g2
+

2M

g
H +

1

2
(H2 + φ0φ0 + 2φ+φ−)

)

+
2M4

g2
αh− igcw(∂νZ0

µ(W
+
µ W

−
ν −W+

ν W
−
µ )−Z0

ν (W
+
µ ∂νW

−
µ −W−

µ ∂νW
+
µ )

+Z0
µ(W

+
ν ∂νW

−
µ −W−

ν ∂νW
+
µ ))− igsw(∂νAµ(W+

µ W
−
ν −W+

ν W
−
µ )

−Aν(W+
µ ∂νW

−
µ −W−

µ ∂νW
+
µ ) +Aµ(W

+
ν ∂νW

−
µ −W−

ν ∂νW
+
µ ))

−1

2
g2W+

µ W
−
µ W

+
ν W

−
ν +

1

2
g2W+

µ W
−
ν W

+
µ W

−
ν +g2c2w(Z

0
µW

+
µ Z

0
νW

−
ν −Z0

µZ
0
µW

+
ν W

−
ν )

+g2s2w(AµW
+
µ AνW

−
ν −AµAµW+

ν W
−
ν )+g2swcw(AµZ

0
ν (W

+
µ W

−
ν −W+

ν W
−
µ )

−2AµZ
0
µW

+
ν W

−
ν )− gαhM

(

H3 +Hφ0φ0 + 2Hφ+φ−
)

−1

8
g2αh

(

H4 + (φ0)4 + 4(φ+φ−)2 + 4(φ0)2φ+φ−+ 4H2φ+φ−+ 2(φ0)2H2
)

−gMW+
µ W

−
µ H −

1

2
g
M

c2w
Z0
µZ

0
µH

−1

2
ig
(

W+
µ (φ0∂µφ

− − φ−∂µφ0)−W−
µ (φ0∂µφ

+ − φ+∂µφ
0)
)

2



+
1

2
g
(

W+
µ (H∂µφ

− − φ−∂µH)−W−
µ (H∂µφ

+ − φ+∂µH)
)

+
1

2
g

1

cw
(Z0

µ(H∂µφ
0 − φ0∂µH)− igs

2
w

cw
MZ0

µ(W
+
µ φ
− −W−

µ φ
+)

+igswMAµ(W
+
µ φ
− −W−

µ φ
+)− ig1− 2c2w

2cw
Z0
µ(φ

+∂µφ
− − φ−∂µφ+)

+igswAµ(φ
+∂µφ

− − φ−∂µφ+)− 1

4
g2W+

µ W
−
µ

(

H2 + (φ0)2 + 2φ+φ−
)

−1

4
g2

1

c2w
Z0
µZ

0
µ

(

H2 + (φ0)2 + 2(2s2w − 1)2φ+φ−
)

−1

2
g2
s2w
cw
Z0
µφ

0(W+
µ φ
−+W−

µ φ
+)− 1

2
ig2

s2w
cw
Z0
µH(W+

µ φ
− −W−

µ φ
+)

+
1

2
g2swAµφ

0(W+
µ φ
−+W−

µ φ
+) +

1

2
ig2swAµH(W+

µ φ
− −W−

µ φ
+)

−g2sw
cw

(2c2w − 1)Z0
µAµφ

+φ− − g2s2wAµAµφ+φ−
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(ūλj γ

µuλj )−
1

3
(d̄λj γ

µdλj )

)

+
ig

4cw
Z0
µ{(ν̄λγµ(1 + γ5)νλ) + (ēλγµ(4s2w − 1− γ5)eλ)
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Notations

Bosons de jauge : Aµ,W±µ , Z0
µ, g

a
µ

Quarks : uκj , d
κ
j et qσj = collectif pour quarks

Leptons : eλ, νλ

Higgs : H,φ0, φ+, φ−

Fantômes : Ga, X0, X+, X−, Y , jauge Feynman

Masses : mλ
d ,m

λ
u,m

λ
e ,mh,M ← Masse du W

Constantes de couplage : g =
√

4πα (structure

fine), gs = forte, αh =
m2
h

4M2

Constante de tadpole βh

Sinus et cosinus de l’angle faible : sw, cw

Cabibbo-Kobayashi-Maskawa : Cλκ

Constantes de structure de SU3 : fabc
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Indice Local NCG (ac+hm)
∫

−P := Resz=0 Tr (P |D|−z)

Trace sur l’algèbre engendrée par A, [D,A] et

|D|z, z ∈ C.

ϕ0(a) = lim
z→0

Tr(γ a |D|−z), ∀a ∈ A,

ϕn(a
0, . . . , an) :=

∑

k

cn,k

∫

−γ a0[D, a1](k1) . . . [D, an](kn) |D|−n−2|k|

T (ki) = ∇ki(T) avec ∇(T) = D2T − TD2, |k| =
k1 + . . .+ kn,

cn,k =
(−1)|k|

2
(k1! . . . kn!)

−1

((k1+1) . . . (k1+k2+. . .+kn+n))−1 Γ (|k|+ n/2) .

(ϕn)n=0,2,... cocycle du (b, B)-bicomplexe de A.

Accouplement (ϕn) ∈ HC∗(A) avec K0(A) =

indice D, K0(A)→ Z.
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Dim-Reg

Espaces Xz de dimension z (ac + mm)

t’Hooft-Veltman et Breitenlohner-Maison⇔ faire

le produit de l’espace-temps euclidien par un

triplet spectral Xz de dimension z ∈ C, Re(z) >

0

H′′ = H⊗H′ , D′′ = D ⊗ 1 + γ5 ⊗Dz

Spectre de dimensions de Xz est réduit à z.

Trace(e−λD
2
z ) = πz/2 λ−z/2 , ∀λ ∈ R

∗
+
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Espaces Xz

TrN(1E(Z)) =
1

2

∫

E
dy

Dz = ρ(z)F |Z|1/z

ρ(z) = π−
1
2 (Γ(

z

2
+ 1))

1
z

L’opérateur Dz vérifie pour z > 0

TrN(e−λD
2
z ) = πz/2 λ−z/2 , ∀λ ∈ R

∗
+

et pour z 6= 0,

TrN((D2
z )
s/2)

a un pole simple en s = z et est absolument

convergente dans Re(s/z) > 1.
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Cutoff infrarouge

Tr′N((D2
z )
−s/2) =

1

2

∫

|y|>1
(ρ2 |y|2/z)−s/2 dy

= ρ−s
∫ ∞

1
u−s/z du = ρ−s

z

s− z

R(λ, z) =
∫ 1

2

0
(e−λ ρ

2 |y|2/z − e−λ ρ2 f(|y|)2/z) dy

|R(λ, z)| < C |λ|2Re(−2/z)
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Potentiel de jauge

(A,H, D) et E projectif de type fini sur A,

B = EndA(E), H′ = E ⊗A H, D′ =?

D′(ξ ⊗ η) = ξ ⊗Dη + ∇(ξ)η

∇(ξa) = (∇ξ)a+ ξ ⊗ da , da = [D, a]

A = Σai[D, bi], ai, bi ∈ A → Ω1
D ⊂ L(H)

D 7→ D+A, A = A∗

u (D+A)u∗ = D+ αu(A) ,

αu(A) = u[D,u∗] + uAu∗
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Potentiel évanescent

A algèbre Z/2-graduée,

[D, a]− := Da− (−1)deg(a)aD

Ã = {a+ b γ} ∼ A ⊕A , a+ b γ 7→ (a+ b, a− b)

Z/2-graduée par

θ ∈ Aut(Ã) , θ(γ) = −γ , θ(a) = a , ∀a ∈ A

D̄ = D ⊗ 1 , D̂ = γ ⊗Dz , D′′ = D̄+ D̂

Potentiel évanescent

B = [D′′, γ]− = 2 γ D̂

E =
1

2
a [D′′, γ]− = γ a D̂
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Intégrale fonctionnelle fermionique

Euclidien

Lfermions = 〈η , D′′ξ〉

avec deux variables indépendantes ξ et η.

Transformations de jauge graduées

αu(ξ) = u ξ , αu(η) = θ(u) η

Symétrie chirale u = eiaγ

δLfermions = 〈η, (i [D, a] γ + 2 i a γ D̂) ξ〉
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Tadpole

E

E = γaD̂

Soit ϕ0 la composante de dimension 0 du co-

cycle local, alors (quand z → 0)

Tr (ED′′−1
) = −ϕ0(a)
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D′′−1
= D′′D′′−2

= (D̄+ D̂)D′′−2

D′′2 = D̄2 + D̂2

D′′−2
=

∫ ∞

0
e−tD̄

2
e−tD̂

2
dt

Tr(ED′′−1
) = Tr(γ aD̂ (D̄+ D̂)D′′−2

) =

Tr(γ aD̂2D′′−2
) =

∫ ∞

0
Tr(γ aD̂2 e−tD̄

2
e−tD̂

2
) dt =

∫ ∞

0
Tr(γ a e−tD

2
)Tr(D2

z e
−tD2

z ) dt

TrN(D2
z e
−tD2

z ) =
z

2
πz/2 t−z/2−1 ∀t ∈ R

∗
+

∫ ∞

0
e−tD

2
t−z/2−1 dt = Γ(−z/2) |D|z

15



Opérateurs différentiels : OP(A,H, D)

D−2 T ∼
∞
∑

0

(−1)k∇k(T)D−2k−2

Lemme

Soit P ∈ OP(A,H, D). Pour n > k > 0 et z → 0,

Tr (γ D̂2k (P ⊗ 1)D
′′−2n) =

−1

2
B(k, n− k)

∫

− γ P D−2(n−k)
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Tr (γ D̂2k (P ⊗ 1)D
′′−2n) =

1

Γ(n)

∫ ∞

0
Tr(γ D̂2k (P ⊗ 1) e−tD̄

2
e−tD̂

2
) tn−1 dt

TrN(D2k
z e−tD

2
z ) =

∏k−1
0 (z + 2j)

2k
πz/2 t−z/2−k

∫ ∞

0
e−tD

2
tn−1−z/2−k dt = Γ(n−z/2−k) |D|z−2(n−k)

∫

−Q := Resz=0 Tr (Q|D|−z)

Q = γ P D−2(n−k)

B(p, q) =
Γ(p) Γ(q)

Γ(p+ q)
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Self-énergie

EA

Tr(ED
′′−1AD

′′−1) =

∞
∑

0

(−1)n+1 1

2n+ 2

∫

− γ a∇n(B)D−2n−2

où B = DA+ AD = dA+ A′ avec

dA =
∑

[D, ai] [D, bi] , A′ =
∑

ai∇(bi)

18



Tr(ED
′′−1AD

′′−1) =

Tr(γ aD̂ (D̄+ D̂)D
′′−2A (D̄+ D̂)D

′′−2) =

Tr(γ aD̂2D
′′−2AD̄D

′′−2)+

Tr(γ aD̂ D̄ D
′′−2AD̂D

′′−2) =

Trace(γ aD̂2D
′′−2 (AD̄ + D̄ A)D

′′−2)

(AD̄ + D̄ A) = B ⊗ 1 , B = dA+ A′

D−2 T ∼
∞
∑

0

(−1)k∇k(T)D−2k−2

Trace(ED
′′−1AD

′′−1) =

∞
∑

0

(−1)nTr(γ aD̂2 (∇n(B)⊗ 1)D
′′−2n−4) .
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D2 T D−2 = T + ∇(T)D−2 = (1 + ǫ)(T)

Θ(T) =
∞
∑

1

(−1)n+1

n
∇n(T)D−2n

π(z) =
z

ez − 1
, π(−z) = ez π(z)

Tr(ED
′′−1AD

′′−1) = −1

2

∫

− γ a π(Θ)(B)D−2 =

−1

2

∫

− γ Aπ(Θ)([D, a])D−2

∫

−X π(Θ)(Y )D−2 =

∫

−Y π(Θ)(X)D−2
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Self-énergie en D = 2

Cocycle de Hochschild ϕ → ∫

ϕ

∫

ϕ
a0 da1 · · · dan = ϕ(a0, a1, · · · , an)

∫

ϕ
aω =

∫

ϕ
ω a, ∀a ∈ A

ϕ2(a0, a1, a2) =
1

4

∫

− γ a0 [D, a1] [D, a2]D
−2

Tr(ED
′′−1AD

′′−1) = −2

∫

ϕ2

Ada

Tadpole = 0 ⇒ ϕ2 cyclique ⇒

Tr(ED
′′−1AD

′′−1) = −2

∫

ϕ2

a dA
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ABJ triangle

A

A

E

Tr(ED
′′−1AD

′′−1AD
′′−1)
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ABJ en D = 2

Tr(ED
′′−1AD

′′−1AD
′′−1) = 2

∫

ϕ2

aA2

1. ϕ2 est un deux cocycle cyclique∗ dans la

classe locale.

2. Pour tout a ∈ A et A

Tr(ED
′′−1AD

′′−1AD
′′−1)−Tr(ED

′′−1AD
′′−1)

= 2

∫

ϕ2

a (dA+ A2)

∗on suppose tadpole= 0
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Tr(ED
′′−1AD

′′−1AD
′′−1) =

Tr(γ aD̂ (D̄+ D̂)D
′′−2A (D̄+ D̂)D

′′−2A (D̄+ D̂)D
′′−2)

Nombre impair de D̂ donne 0

Termes avec 4 fois D̂,

T4 = Tr(γ aD̂2D
′′−2AD̂D

′′−2AD̂D
′′−2) =

−Tr(γ aD̂4D
′′−2AD

′′−2AD
′′−2)

car D̂ = γ ⊗Dz anticommute avec A (à cause

de γ)
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Termes en D̂2

T1 = Tr(γ aD̂2D
′′−2AD̄D

′′−2AD̄D
′′−2)

T2 = Tr(γ aD̂ D̄ D
′′−2AD̂D

′′−2AD̄D
′′−2) =

Tr(γ aD̂2 D̄ D
′′−2AD

′′−2AD̄D
′′−2)

T3 = Tr(γ aD̂ D̄ D
′′−2AD̄D

′′−2AD̂D
′′−2) =

Tr(γ aD̂2 D̄ D
′′−2AD̄D

′′−2AD
′′−2)
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Lemme

Tr(D̂2k P0D
′′−2 P1D

′′−2P2D
′′−2) =

∑

c(a, b, k)
∫

−P0∇a(P1)∇b(P2)D
′′−2(a+b+3−k)

c(a, b, k) = (−1)a+b+1 1

2

((k − 1)!(a+ b+ 2− k)!
b! (a+ 1)!(a+ b+ 2)
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D
′′−2P1D

′′−2P2 ∼
∑

d(a, b)∇a(P1)∇b(P2)D
′′−2(a+b+2)

avec

d(a, b) = (−1)a+b
∑

0≤c≤b

(a+ c)!

a! c!
=

(−1)a+b (a+ b+ 1)!

b! (a+ 1)!

1

2

(a+ b+ 1)!

b! (a+ 1)!

(k − 1)!(a+ b+ 2− k)!
(a+ b+ 2)!

=

1

2

((k − 1)!(a+ b+ 2− k)!
b! (a+ 1)!(a+ b+ 2)
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T4 = −Tr(γ aD̂4D
′′−2AD

′′−2AD
′′−2)

=
1

4

∫

− γ aA2D−2

T2 = Tr(γ aD̂2 D̄ D
′′−2AD

′′−2AD̄D
′′−2

= − 1

4

∫

− γ aDA2D−3 =
1

4

∫

− γ aA2D−2

⇓

T2 + T4 = 2

∫

ϕ2

aA2
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T1 = Tr(γ aD̂2D
′′−2AD̄D

′′−2AD̄D
′′−2)

= −1

4

∫

− γ aADAD−3

T3 = Tr(γ aD̂2 D̄ D
′′−2AD̄D

′′−2AD
′′−2)

−1

4

∫

− γ aDADAD−4 = −1

4

∫

− γ D aADAD−4

=
1

4

∫

− γ aADAD−3 = −T1

⇓

T1 + T3 = 0
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D = 4

A

A

E

A

A

E

A

A

A
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Fermions → Géométrie

Fermions ψ ∈ H

Symétries Int(A)
internes f → u f u∗

Bosons de Fluctuations
Jauge internes
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Action Bosonique = Action Spectrale

(ac+ac)

N(Λ) = # valeurs propres de D dans [−Λ,Λ].

N(Λ) = 〈N(Λ)〉+Nosc(Λ)

〈N(Λ)〉 = SΛ(D) =
∑

k∈S

Λk

k

∫

−|ds|k + ζD(0) ,

ζD(s) = Trace(|D|−s)
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Modèle Standard en couplage minimal

LE + LG + LGH + LH + LGf + LHf

Action Spectrale (ac+ac)

S =

∫

d4x
√
g (1/2κ2

0R− µ2
0(H

∗H)

+ a0Cµνρσ C
µνρσ + b0R

2 + c0
∗R∗R+ d0R;µ

µ

+ e0 + 1/4Giµν G
µνi + 1/4Fαµν F

µνα

+ 1/4Bµν B
µν+|DµH|2−ξ0R|H|2+λ0(H

∗H)2)
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Modèle Standard

X = M × F

A = AM ⊗AF , H = HM ⊗HF ,

D = DM ⊗ 1 + γ5 ⊗DF

AF = C⊕H⊕M3(C)

HF = Q⊕ L⊕ Q̄⊕ L̄

Q =

(

uL uR
dL dR

)

, L =

(

νL ?
eL eR

)
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Action de A sur HF

a = (λ, q,m) ∈ A , q =

(

α β
−β̄ ᾱ

)

a uR = λuR a uL = αuL − β dL

a dR = λ dR a dL = β uL + αdL .

a f = λ f si f est un lepton

a f = mf si f est un quark

γ(fR) = fR , γ(fL) = −fL
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Espace Fini

DF =

(

Y 0
0 Ȳ

)

Y = Yq ⊗ 13 ⊕ Yℓ

Yq =











0 0 Mu 0
0 0 0 Md
M∗u 0 0 0
0 M∗d 0 0











Yℓ =







0 0 Me

0 0 0
M∗e 0 0






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Fluctuations internes → Bosons

A =
∑

ai[D, a
′
i] ai, a

′
i ∈ A

∑

ai[γ5 ⊗DF , a′i] → Higgs

(

0 X
X ′ 0

)

X =

(

Muϕ1 Muϕ2
−Mdϕ2 Mdϕ1

)

X ′ =
(

M∗u ϕ′1 M∗d ϕ
′
2

−M∗u ϕ′2 M∗d ϕ
′
1

)
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∑

ai[DM ⊗ 1, a′i] → potentiels de jauge

ai = (λi, qi,mi), a
′
i = (λ′i, q

′
i,m
′
i)

U(1) potentiel de jauge Λ = Σλi d λ
′
i

SU(2) potentiel de jauge Q = Σ qi d q
′
i

U(3) potentiel de jauge V = Σmi dm
′
i.
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Hypercharges

D 7→ D̃ = D+A+ JAJ−1 A = A∗

trace V = Λ

V = V ′+
1

3
Λ

V ′ est un potentiel de jauge SU(3)









4
3
Λ + V ′ 0 0 0

0 −2
3
Λ + V ′ 0 0

0 0 Q11 + 1
3
Λ + V ′ Q12

0 0 Q21 Q22 + 1
3
Λ + V ′















−2Λ 0 0
0 Q11 − Λ Q12
0 Q21 Q22 − Λ






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