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TOLERANCE RELATIONS AND OPERATOR SYSTEMS

ALAIN CONNES AND WALTER D. VAN SUIJLEKOM

ABSTRACT. We extend the scope of noncommutative geometry by generalizing
the construction of the noncommutative algebra of a quotient space to situations
in which one is no longer dealing with an equivalence relation. For these so-called
tolerance relations, passing to the associated equivalence relation looses crucial
information as is clear from the examples such as coarse graining in physics or
the relation d(x, y) < ε on a metric space. Fortunately, thanks to the formalism of
operator systems such an extension is possible and provides new invariants, such
as the C∗-envelope and the propagation number.

After a thorough investigation of the structure of the (non-unital) operator sys-
tems associated to tolerance relations, we analyze the corresponding state spaces.
In particular, we determine the pure state space associated to the operator system
for the relation d(x, y) < ε on a path metric measure space.
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1. INTRODUCTION

In this paper we take the next step in the development of noncommutative ge-
ometry based on operator systems. While in [5] we considered operator systems
based on spectral truncations, we will now focus on operator systems associated
to tolerance relations.

A strong motivation for studying such systems comes from the idea of coarse
graining in physics, which may be formulated in phase space or in configuration
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2 ALAIN CONNES AND WALTER D. VAN SUIJLEKOM

space. Moreover, in our understanding of the geometry of spacetime we are lim-
ited by the resolution of our measuring device: we can only determine the under-
lying metric space up to a finite resolution. In fact, on purely theoretical grounds
one expects our understanding of this geometry to break down at a fundamental

scale, given by the Planck length ℓP =
√

h̄G/c3.
From a mathematical viewpoint this leads us to consider metric spaces (X, d)

equipped with the relation d(x, y) < ε for some fixed parameter ε. This is not
an equivalence relation as it lacks transitivity, but it is a so-called tolerance relation,
which is by definition a reflexive and symmetric relation. This notion can be traced
back to Poincaré in his Science and Hypothesis (though the name was coined in
[34]). In fact, Poincaré argued that in the physical continuum (in contrast with the
mathematical continuum) it can hold that for measured quantities one has A = B,
B = C while A 6= C due to potentially added measurement errors (see [32] for a
development of the mathematical theory).

Given such a tolerance relation we may imitate the construction of a groupoid
C∗-algebra with the crucial difference that the convolution product cannot be de-
fined due to the lack of transitivity. However, given the symmetry and reflexivity, a
tolerance relation does define an operator system. Naturally, this operator system
may be formulated in the general context of locally compact groupoids equipped
with a Haar system [28] with the special case of the tolerance relation arising when
we consider the pair groupoid on a locally compact topological measure space.
It creates a generalization of the basic construction of noncommutative geome-
try which started from analyzing the geometric examples of intractable spaces of
leaves of foliations using noncommutative algebras. Here the issue of the lack of
transitivity of the relation is already present in the simplest case where the gen-
erated equivalence relation has a single class i.e. corresponds to the C∗-algebra of
compact operators. The main question is then how much of the metric structure
of (X, d) can be determined from the operator system associated to the relation
d(x, y) < ε.
Another natural appearance of tolerance relations occurs in combinatorial topol-
ogy. The homotopy groups of the geometric realization of a Kan complex may be
computed combinatorially. This no longer holds for general simplicial complexes
and one motivation for considering tolerance relations comes from the natural ex-
amples of “sets” corresponding to a finer notion of the set of components of a sim-
plicial complex X which is not a Kan complex. Typically the relation among two
vertices x, y ∈ X(0) given by the existence of an edge e ∈ X(1) whose end points
are x, y is a tolerance relation which only uses the graph underlying the simplicial
complex in degrees 0, 1. On the one hand replacing the relation by the equivalence
relation that it generates and then passing to the quotient looses most of the rele-
vant information. On the other hand one would like to perform this operation of
quotient for factor-relations which are equivalence relations. It is this issue which
is solved by the construction of the associated operator system and the notion of
Morita equivalence of operator systems which was developed recently in [9].

A concrete example of this situation occurs in the theory of divisors on the

Arakelov compactification Spec Z (see [6]). After applying the Dold–Kan corre-
spondence to a suitable morphism of S-modules, one obtains that the cohomology

H1(Spec Z, D) should be described by the tolerance relation given by the circle S1
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endowed with the relation

R := {(x, y) | d(x, y) < ε}

where ε = exp(deg D) becomes small when the degree deg D of the divisor is
negative.

This paper is organized as follows. We start in Section 2 by reviewing the the-
ory of non-unital operator systems, due to Werner [33], as well as the notions of
C∗-envelopes and propagation number as developed previously in [5]. Under the
assumption that the operator system E is a closed ∗-subspace of a C∗-algebra A
equipped with a suitable approximate order unit (in the sense of [24]), we prove a
generalization of the Jordan decomposition for hermitian functionals on E (Theo-
rem 2.15). This then allows us to characterize the Banach space dual of E in terms
of the dual of A, preparing for an analysis of the corresponding state space.

In Section 3 we define operator systems associated to relations. We work in the
slightly more general, but natural context of locally compact groupoids equipped
with a Haar system, and associate operator systems to open symmetric subsets (so-
called bonds, see Definition 3.2). After discussing some of their general properties,
we analyze operator systems associated to tolerance relations on finite sets, and
determine their C∗-envelopes, propagation numbers and pure state space.

Finally, in Section 4 we come to consider the operator system associated to the
relation d(x, y) < ε on a path metric space X. In addition to invariants such as the
C∗-envelope and the propagation number (Theorem 4.11), we determine the pure
state space of this operator system to consist of those vector states whose support
is ε-connected (Theorem 4.18).

2. PRELIMINARIES ON NON-UNITAL OPERATOR SYSTEM AND STATE SPACES

We start by recalling and developing some general theory for non-unital oper-
ator systems, approximate order units and state spaces.

2.1. Non-unital operator systems. Werner introduced non-unital operator sys-
tem in [33]. Let us give the relevant definitions, referring to loc.cit. and also [5]
for more details and references.

Definition 2.1. We say that a ∗-vector space E is matrix ordered if

(1) for each n we are given a cone of positive elements Mn(E)+ in Mn(E)h,
(2) Mn(E)+ ∩ (−Mn(E)+) = {0} for all n,
(3) for every m, n and A ∈ Mmn(C) we have that AMn(E)+A∗ ⊆ Mm(E)+.

For matrix-ordered operator spaces one further requires that E is an operator space,
with the two properties that

(1) the cones Mn(E)+ are all closed, and,
(2) the involution is an isometry on Mn(E).

The modified numerical radius νE is defined for any x ∈ Mn(E) by

νE(x) = sup

{∣∣∣∣ϕ
(

0 x
x∗ 0

)∣∣∣∣ :ϕ ∈ M2n(E)∗+, ‖ϕ‖ ≤ 1

}
.

Note that M2n(E)∗ is the Banach space dual of M2n(E), in contrast to M2n(E∗) =
CB(E, M2n) which comes naturally equipped with the cb-norm. The supremum is
thus taken over all noncommutative quasi-states of E, cf. Equation (2) below.



4 ALAIN CONNES AND WALTER D. VAN SUIJLEKOM

One can show that νE is a norm and, moreover, we have νE(·) ≤ ‖ · ‖. Werner
then gives the following definition in [33] (where we prefer as in [5] to restrict to
identical, rather than equivalent norms):

Definition 2.2. A non-unital operator system is given by a matrix-ordered operator
space E for which the norm νE(·) coincides with the norm ‖ · ‖.

Werner then constructs a unitization for arbitrary matrix-ordered operator spaces
as follows.

Definition 2.3. Let E be a matrix-ordered operator space and define aε = a + εIn for
every matrix a ∈ Mn(C). On the space E ⊕C we define

(1) (x, a)∗ = (x∗, a∗) for all (x, a) ∈ Mn(E)⊕ Mn(C),
(2) for any (x, a) ∈ Mn(E ⊕C)h we set

(x, a) ≥ 0 iff a ≥ 0 andϕ(a
−1/2
ε xa

−1/2
ε ) ≥ −1

for all ε > 0 andϕ ∈ Mn(E)∗+ with ‖ϕ‖ = 1.

We denote by E♯ the space E ⊕C equipped with this order structure.

The main conclusion from [33] is then that E♯ is a unital operator system and

that E is a non-unital operator system iff the embedding ı : E → E♯ is a complete
isometry. For a convex geometric description of operator systems and their uniti-
zation we refer to [7, 19]. The following result is a special case of [33, Proposition
4.16(a)]

Lemma 2.4. Let E ⊆ A be a closed ∗-subspace in a C∗-algebra A. Then E is a non-unital
operator system.

Proof. Take
(

0 x
x∗ 0

)
∈ M2n(E); this is a self-adjoint element in M2n(A). Hence

there exists a state ϕ̃ on the C∗-algebra M2n(A) such that
∣∣ϕ̃

((
0 x
x∗ 0

))∣∣ = ‖x‖. The

restriction ϕ of this state to M2n(E) is a quasi-state and hence νE(x) ≥ |ϕ(x)| =
‖x‖. �

In [5] we introduced the notion of propagation number of an operator system, a
measure for the extent to which the operator system is ‘away’ from a C∗-algebra.
Let us start by briefly recalling the notion of the C∗-envelope [1, 12]

Definition 2.5. (1) A C∗-extension κ : E → A of a unital operator system E is
given by a complete order isomorphism onto κ(E) ⊆ A such that C∗(κ(E)) = A.

(2) A C∗-envelope of a unital operator system is a C∗-extension κ : E → A with the
following universal property:

E
κ

//

λ
��
❄

❄

❄

❄

❄

❄

❄

❄

A
OOOO

∃!ρ

B

Such a universal object was shown to exist in the unital case in [12] while for the
non-unital case we refer to [5] and references therein. We write ıE : E → C∗

env(E)
for the canonical complete order injection into the C∗-envelope.

Given an operator system E and integer n > 0 let us write E◦n for the norm
closure of the linear span of products of ≤ n elements of E. It is an operator
system contained in the C∗-algebra C∗(E).
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Definition 2.6. The propagation number prop(E) of the operator system E is defined
as the smallest integer n such that ıE(E)◦n ⊆ C∗

env(E) is a C∗-algebra.

When no such n exists one lets prop(E) = ∞. In [5, Proposition 2.42] we
showed that the propagation number is invariant under stable equivalence of op-
erator systems. Recently, also a notion of Morita equivalence for (unital) oper-
ator systems has been introduced [9] and shown to coincide with stable equiv-
alence (see Theorem 3.8 in loc.cit.). We may thus conclude that the propagation
number is also invariant under Morita equivalence. Other properties of the prop-
agation number include compatibility with tensor products. Namely, in [21] it
is shown that for unital operator systems E and F we have prop(E ⊗min F) =
max{prop(E), prop(F)}.

2.2. Matrix-regular operator spaces and approximate order units. We now in-
troduce a certain degree of regularity on matrix-ordered operator spaces, which
relates the matrix norms and the matrix order, in fact yielding a special class of
non-unital operator systems as considered above. A key concept will be that of an
approximate order unit due to Ng [24], but let us start with the following, more
general notion introduced by Schreiner in [31].

Definition 2.7. A matrix-ordered operator space E is called a matrix-regular operator
space if for all x ∈ Mn(E)h the following two conditions are satisfied

(1) if y ∈ Mn(E)h, −y ≤ x ≤ y then ‖x‖ ≤ ‖y‖;
(2) if ‖x‖ < 1 then there exists y ∈ Mn(E)h such that ‖y‖ ≤ 1 and −y ≤ x ≤ y.

Note the equivalent characterization of matrix-regular operator spaces [31, The-
orem 3.4]: for all x ∈ Mn(E), ‖x‖ < 1 if and only if there exist a, d ∈ Mn(E)+,
‖a‖, ‖d‖ < 1 such that

(
a x

x∗ d

)
∈ M2n(E)+.

Schreiner establishes in [31, Corollary 4.7] that the operator space dual of a matrix-
regular operator space is also matrix regular. Moreover, Karn shows in [15, 17]
(cf. [13, Theorem 1]) that matrix-regular operator spaces are non-unital operator
systems. In this context we should also mention the recent work on dual spaces of
non-unital operator systems in [23].

A particular class of matrix-regular operator spaces is given by operator spaces
that possess an approximate order unit in the sense of Ng in [24].

Definition 2.8. Let E be a matrix-ordered ∗-vector space. An approximate order unit
for E is a net {eλ}λ∈Λ with the following properties

(1) eλ ∈ E+ for all λ ∈ Λ;
(2) eλ ≤ eµ whenever λ ≤ µ;
(3) for each x ∈ Eh there exists a positive real number t and λ ∈ Λ such that

−teλ ≤ x ≤ teλ .

Lemma 2.9. [16, Lemma 2.6] Let E be a matrix-ordered ∗-vector space. If E has an
approximate order unit, then Mn(E) has an approximate order unit for all n.
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Proof. Our proof is inspired by the approach taken in the unital case [2, Theorem
4.4]. First of all, for x ∈ Eh we have (cf. [16, Proposition 1.8(i)]

−teλ ≤ x ≤ teλ ⇐⇒

(
teλ x
x teλ

)
≥ 0.

For a general x ∈ E we may apply this to both Re(x), Im(x) to conclude that
(

2teλ x
x∗ 2teλ

)
=

(
teλ Re(x)

Re(x) teλ

)
+

(
1 0
0 −i

)(
teλ Im(x)

Im(x) teλ

)(
1 0
0 i

)
≥ 0.

Thus for x = (xi j) ∈ Mn(E)h we may choose t and λ ∈ Λ such that −teλ ≤
Re(vi j), Im(vi j ≤ teλ for all i, j. Hence

2nten
λ + x =

1

2 ∑
i, j

A∗
i j

(
2teλ xi j

x ji 2teλ

)
Ai j ≥ 0,

where Ai j is the 2 × m matrix with 1 at the (1, i)’th and (2, j)’th positions and 0
elsewhere for i, j = 1, . . . , n. Similarly, we find that 2nten

λ − x ≥ 0 which proves
the claim. �

As we see from the proof we have that for all x ∈ Mn(E) there exist t > 0 and
λ ∈ Λ such that

(1)

(
ten
λ x

x∗ ten
λ

)
∈ M2n(E)+

This is the key property that allows us to introduce a matrix norm on E (as in [24],
[15, 17]). Indeed, given an approximate order unit {eλ}λ∈Λ we may introduce a
seminorm pΛ,n on Mn(E) by setting

pΛ,n(x) = inf

{
t :

(
ten
λ x

x∗ ten
λ

)
∈ M2n(E)+ for some λ ∈ Λ

}

In the case of a matrix-ordered operator space, which is equipped with an approx-
imate order unit, it is natural to require the seminorms pΛ,n to be compatible with
the matrix norms, which leads to the following result.

Proposition 2.10. Suppose that E is a matrix-ordered operator space with an approximate
order unit that defines the matrix norms (in the sense that pΛ,n = ‖ · ‖). Then E is matrix
regular. Consequently, E is a non-unital operator system.

Proof. Let x ∈ Mn(E) with ‖x‖ < 1. Then there exist t < 1 so that
(

ten
λ x

x∗ ten
λ

)
∈ M2n(E)+.

where indeed ten
λ ≥ 0 and ‖ten

λ‖ < 1.
Conversely, suppose there exist a, d ∈ Mn(E)+, ‖a‖, ‖d‖ < 1 for which ( a x

x∗ d ) ≥

0. Then also
( a −x
−x∗ d

)
≥ 0 so that

−

(
a 0
0 d

)
≤

(
0 x
x∗ 0

)
≤

(
a 0
0 d

)
.

Since pΛ,2n

((
a 0
0 d

))
< 1 we thus find for some t < 1 that

−te2n
λ ≤

(
a 0
0 d

)
≤ te2n

λ , =⇒ −te2n
λ ≤

(
0 x
x∗ 0

)
≤ te2n

λ ,
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and thus ‖x‖ < 1 as required.
The fact that then E is a non-unital operator systems follows from [15, 17] (cf.

[13, Theorem 1]). �

Note that this result also applies without the assumption of E being complete.

2.3. States, quasi-states and pure states of matrix-ordered operator spaces. Let
E be a matrix-ordered operator space. We define the noncommutative (nc) state
space for any n as follows:

Sn(E) := {ϕ ∈ Mn(E)∗, ‖ϕ‖ = 1,ϕ ≥ 0}

Note that we consider Mn(E)∗ as the Banach space dual of the normed space
Mn(E), and not as the operator space dual Mn(E∗) = CB(E, Mn) which is equipped
with the cb-norm (in contrast to e.g. [8, Section 5.1]).

Lemma 2.11. Let E be a matrix-ordered operator space and E ⊆ E a dense ∗-subspace.
Suppose there exists an approximate order unit {eλ}λ∈Λ in E that defines the norm on E
and let ϕ ∈ Mn(E)∗ for any n. If ϕ ≥ 0 then ‖ϕ‖ = limϕ(en

λ). As a consequence,
Sn(E) is a convex set.

Proof. Clearly, ‖ϕ‖ ≥ ϕ(en
λ) for all λ so let us prove the other inequality. Take

x ∈ Mn(E ) with ‖x‖ ≤ 1. Then we have

−

(
en
λ 0
0 en

λ

)
≤

(
0 x
x∗ 0

)
≤

(
en
λ 0
0 en

λ

)
.

Since E is matrix-regular andϕ ≥ 0 it follows that
∥∥∥∥
(

0 ϕ(x)
ϕ(x)∗ 0

)∥∥∥∥ ≤

∥∥∥∥
(
ϕ(en

λ) 0
0 ϕ(en

λ)

)∥∥∥∥ =⇒ |ϕ(x)| ≤ϕ(en
λ) ≤ lim infϕ(en

λ).

Taking the supremum over all x with ‖x‖ ≤ 1 we find that ‖ϕ‖ ≤ lim infϕ(en
λ).
�

Note, however, that in general Sn(E) is not weakly ∗-compact. Under the con-
ditions stated in Lemma 2.11 we will call an extreme point of Sn(E) a (nc) pure
state, and write Pn(E) for all (nc) pure states on E.

The nc quasi-state space is defined for any n as

(2) S̃n(E) := {ϕ ∈ Mn(E)∗, ‖ϕ‖ ≤ 1,ϕ ≥ 0}

In contrast to Sn(E), this is a convex weakly ∗-compact space and contains the
point 0 as an extreme point. Any other extreme pointϕ has ‖ϕ‖ = 1, for if ‖ϕ‖ =

λ < 1 then λ−1ϕ ∈ S̃(E). We record the following result.

Lemma 2.12. Let E be a matrix-ordered operator space and E ⊆ E a dense ∗-subspace
containing a norm-defining approximate order unit. Then a state ϕ on a matrix-ordered

operator space E is pure if and only if it is extreme in S̃(E)

Proof. If ϕ is extreme in S̃(E) then it cannot be written as a convex combination

of elements in S̃(E), let alone of elements in S(E). Conversely, suppose that ϕ
is not extreme and can thus be written as a convex combination tϕ1 + (1 − t)ϕ2

withϕ1,ϕ2 ∈ S̃(E), we claim that in fact ‖ϕ1‖ = ‖ϕ2‖ = 1 so thatϕ is not pure.
Indeed, if on the contrary say ‖ϕ1‖ < 1 we also have that ‖ϕ‖ < 1, contradicting
the fact thatϕ is a state. �
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2.4. Extension of positive functionals, Jordan decomposition. Let us start by
formulating an Arveson’s extension theorem for positive functionals on matrix-
ordered operator spaces contained in a C∗-algebra, in the presence of a norm-
defining approximate order unit. We also refer to [15, Theorem 3.4] and [17] for an
analogous result in the context of matricial Riesz normed spaces.

Proposition 2.13. Let E be a closed ∗-subspace in a C∗-algebra A and let E ⊆ A be dense
∗-subspaces, so that E ⊆ E and A ⊆ A. If there exists a norm-defining approximate order
unit for A which is contained in E , then any positive linear functionalϕ on Mn(E) can
be extended to a positive linear functional ϕ̃ to Mn(A) such that ‖ϕ̃‖ = ‖ϕ‖.

Proof. By Lemma 2.4 E is a non-unital operator system. Hence, the unitization E♯

from Definition 2.3 is a unital operator system by [33, Lemma 4.8].
Now, letϕ : E → C be positive and assume that ‖ϕ‖ = 1. We first consider the

extension ofϕ to a linear functionalϕ♯ : E♯ → C defined byϕ♯(x ⊕ z) = ϕ(x) + z.

We claim that the map ϕ♯ is positive. Indeed, since (x, z) ≥ 0 iff z ≥ 0 and
ψ(x) ≥ −z for all ψ ∈ S(E) it follows that in particularϕ(x) ≥ −z.

We now apply Arveson’s extension Theorem [26, Theorem 7.5] to the functional

ϕ♯ on E♯ ⊆ A♯. This gives a positive ϕ̃♯ : A♯ → C such that ϕ̃♯|E♯ = ϕ♯, and thus

also ϕ̃♯|E = ϕ. We now define ϕ̃ : A → C as the restriction ϕ̃ = ϕ̃♯|A. This map ϕ̃
is the sought-for positive extension ofϕ from E to A.

Finally, the claim that ‖ϕ̃‖ = ‖ϕ‖ follows from Lemma 2.11. Indeed, we may
identify E ∗ ∼= E∗ and A∗ = A∗ to find that ‖ϕ̃‖ = lim ϕ̃(eλ) = limϕ(eλ) = ‖ϕ‖
because eλ ∈ E is an approximate order unit A.

Note that the generalization to Mn(E) is straightforward since one may con-
sider Mn(E) as a matrix-ordered operator space contained in the C∗-algebra Mn(A)
and with approximate order unit en

λ. �

We then have the following well-known result (cf. [22, Theorem 5.1.13] adapted
to our context as follows.

Proposition 2.14. Let E be a closed ∗-subspace in a C∗-algebra A and let E ⊆ A be dense
∗-subspaces, so that E ⊆ E and A ⊆ A. If there exists a norm-defining approximate order
unit for A which is contained in E , then any pure stateϕ on E can be extended to a pure
state ϕ̃ on A.

Proof. Let ϕ be a pure state on E and consider the space A(ϕ) of its extensions

to states of A. This is a convex set, which is weakly ∗-closed in S̃(A), so it is
weakly ∗-compact as well. Hence A(ϕ) has extreme points, which are necessarily

extreme in S̃(A). Indeed, if an extreme point ψ ∈ A(ϕ) can be written as ψ =

tχ1 + (1 − t)χ2 for some non-zero χ1, χ2 ∈ S̃(A) then also the restriction can be
written as a convex combination: ϕ = tχ1|E + (1 − t)χ2|E. But since ϕ is pure,
this forces χ1|E = χ2|E = ϕ so that χ1, χ2 ∈ A(ϕ), contradicting the fact that ψ is
extreme.

Note that the proof also applies when replacing E and A by dense subspaces E
and A. �

We also record the following version of Jordan decomposition for matrix-ordered
operator spaces, which is a direct consequence of the well-known C∗-algebraic ver-
sion (see for instance [14, Theorem 4.3.6] for the case of unital operator systems).
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Theorem 2.15 (Jordan decomposition for matrix-ordered operator spaces). Let E be
a closed ∗-subspace in a C∗-algebra A and let E ⊆ A be dense ∗-subspaces, so that E ⊆ E
and A ⊆ A. If there exists a norm-defining approximate order unit for A contained in
E , then for each hermitian continuous linear functional ϕ : Mn(E) → C on E there
exist positive linear functionals ϕ+,ϕ− : Mn(E) → C such that ϕ = ϕ+ −ϕ− and
‖ϕ‖ = ‖ϕ+‖+ ‖ϕ−‖.

Proof. We extendϕ : Mn(E) → C by the Hahn–Banach Theorem to a linear func-
tional ϕ̃ : Mn(A) → C so that ϕ̃|Mn(E) =ϕ and ‖ϕ̃‖ = ‖ϕ‖. Here we may assume

that ϕ̃ is hermitian by replacing it by 1
2 (ϕ̃+ ϕ̃∗) (which has the same norm as ϕ̃

has). We then apply the Jordan decomposition (cf. [27, Theorem 3.2.5]) for the C∗-
algebra Mn(A) to obtain positive functionals ϕ̃± : Mn(A) → C with the property
that

ϕ̃ = ϕ̃+ − ϕ̃−; ‖ϕ̃‖ = ‖ϕ̃+‖+ ‖ϕ̃−‖.

The restrictions ϕ± := ϕ̃±|Mn(E) are positive functionals on Mn(E) and we have

‖ϕ±‖ ≤ ‖ϕ̃±‖. But since ‖ϕ‖ = ‖ϕ̃‖ we find that forϕ = ϕ̃|Mn(E) =ϕ+ −ϕ− we

have

‖ϕ‖ = ‖ϕ̃+‖+ ‖ϕ̃−‖ ≥ ‖ϕ+‖+ ‖ϕ−‖

Finally, forϕ = ϕ̃|Mn(E) = ϕ+ −ϕ− we also have ‖ϕ‖ = ‖ϕ+ −ϕ−‖ ≤ ‖ϕ+‖+

‖ϕ−‖, and this completes the proof. �

Remark 2.16. Note that uniqueness of the above Jordan decomposition of operator systems
does not hold in general, unless E = A is a unital C∗-algebra. See [14, Theorem 4.3.6,
Exercise 4.6.22].

In any case, the Jordan decomposition will allow us to say something about the
Banach space dual of Mn(E) ⊆ Mn(A) —and consequently about the quasi-state
space of Mn(E)— under the assumption that there is an approximate order unit
for A with the stated properties. Let us start with some notation.

As before we write Mn(E)∗ and Mn(A)∗ for the Banach space duals of Mn(E)
and Mn(A), respectively. Also the notation Mn(E)h, Mn(A)h will be used for
the hermitian subspaces, as well as Mn(E)∗h, Mn(A)∗h for the Banach space duals
(where we note that (Mn(E)∗)h

∼= (Mn(E)h)
∗, isometrically isomorphic). There is

a canonical order on the dual spaces which is respected by the restriction map by
sending Mn(A)∗+ → Mn(E)∗+.

We define as usual the annihilator of Mn(E) as the closed subspace

Mn(E)⊥ := {η ∈ Mn(A)∗ | η(x) = 0, ∀x ∈ Mn(E)} ⊆ Mn(A)∗

The quotient Mn(A)∗/Mn(E)⊥ is a Banach space, on which we may introduce the
following canonical order:

(Mn(A)∗/Mn(E)⊥)+ := q(Mn(A)∗+)

= {ϕ+ Mn(E)⊥ | ϕ ∈ Mn(A)∗ andϕ+ η ≥ 0 for some η ∈ Mn(E)⊥}(3)

using the quotient map q : Mn(A)∗ → Mn(A)∗/Mn(E)⊥.

Remark 2.17. The general construction of (matrix) orders on quotient spaces of operator
systems is quite subtle (already in the unital case) and has been described in [18].
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Theorem 2.18. Let E ⊆ A be a closed ∗-subspace in a C∗-algebra A and let E ⊆ A be
dense ∗-subspaces with a norm-defining approximate order unit for A contained in E .

Then the map ρ : Mn(A)∗h/Mn(E)⊥h → Mn(E)∗h induced by restriction ρ(ϕ +

Mn(E)⊥h ) =ϕ|Mn(E)h
is an isometrical order isomorphism.

Proof. The map ρ is clearly well-defined and injective. Moreover, for any η ∈
Mn(E)⊥h we have

‖ϕ|Mn(E)h
‖ = ‖(ϕ+ η)|Mn(E)h

‖ ≤ ‖ϕ+ η‖.

Taking the infimum over all ηwe find that ρ is a contraction. Note also that ρ is an
order-preserving map.

The inverse to ρ is obtained by applying the Hahn–Banach theorem. Indeed, let
a hermitianϕ ∈ Mn(E)∗ be given and write it in terms of a Jordan decomposition
(Thm. 2.15) as ϕ = ϕ+ −ϕ− where ϕ± ∈ Mn(E)∗ are two positive functionals
such that ‖ϕ‖ = ‖ϕ+‖+ ‖ϕ−‖. By Proposition 2.13 there exist positive extensions

ϕ̃± ∈ Mn(A)∗ with ‖ϕ̃±‖ = ‖ϕ±‖. We set ρ−1(ϕ) = ϕ̃ + Mn(E)⊥ where ϕ̃ =
ϕ̃+ − ϕ̃−; this is a well-defined and linear map Mn(E)∗h 7→ Mn(A)∗h/Mn(E)⊥h . For
the norm we have

‖ϕ̃+ Mn(E)⊥h ‖ ≤ ‖ϕ̃‖ ≤ ‖ϕ̃+‖+ ‖ϕ̃−‖ = ‖ϕ+‖+ ‖ϕ−‖ = ‖ϕ‖,

so that ρ−1 is a contraction as well. Thus, both ρ and ρ−1 are isometries.
Finally, ifϕ = ϕ+ is a positive functional then we have ρ−1(ϕ) = ϕ̃+ which is

positive as well so that also ρ−1 is order-preserving. �

3. OPERATOR SYSTEMS, GROUPOID C∗-ALGEBRAS, BONDS AND RELATIONS

In this section we will introduce the main class of examples of operator systems
which are associated to reflexive and symmetric relations on a set. It is conve-
nient and also natural to formulate this in the slightly more general context of
groupoids, and the corresponding C∗-algebras [28].

We will consider a locally compact groupoid G equipped with a (left invariant)
Haar system ν = {νx}. The space Cc(G) of compactly supported complex-valued
continuous functions on G becomes a ∗-algebra with the convolution product and
involution given by

f ∗ g(γ) =
∫

Gx

f (γγ−1
1 )g(γ1)dνx(γ1); f ∗(γ) = f (γ−1),

where x = s(γ) for any γ ∈ G. There is a norm given by

‖ f‖1 = sup
x∈G(0)

{
max(

∫

Gx

| f (γ)|dνx(γ),
∫

Gx

| f (γ−1)|dνx(γ))

}

and the completion Cc(G)−‖·‖1 with respects to this norm turns out to be a Ba-
nach ∗-algebra. The universal C∗-algebra enveloping this Banach ∗-algebra will be
called the groupoid C∗-algebra, and will be denoted by C∗(G,ν), or simply C∗(G).
We refer to [28, Section II.1] for full details.

Remark 3.1. Note that for simplicity we have assumed that G is Hausdorff, but this is
not necessary. Indeed, arguing as in [4, 20] for the definition of C∗(G) we should then re-
place Cc(G) by a space of —not necessarily continuous— functions spanned by functions
which vanish outside a compact Hausdorff subset K ⊂ G and which are continuous on a
neighborhood of K.
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We now come to our main definition.

Definition 3.2. A bond is a triple (G,ν,Ω) consisting of a locally compact groupoid G,
a Haar system ν = {νx} and an open symmetric subset Ω ⊆ G containing the units

G(0).

When there is no ambiguity on the groupoid and the Haar system, we will also
refer to the subset Ω as a bond.

Then, if Ω1,Ω2 ⊆ G are two bonds we have their composition, as usual:

Ω1 ◦Ω2 := {γ1γ2 : γ1 ∈ Ω1, γ2 ∈ Ω2, s(γ1) = r(γ2)}

Clearly, this subset fails to be symmetric in general so we should consider instead
the bond given by the symmetrized composition

Ω1 ∗Ω2 := Ω1 ◦Ω2 ∪Ω2 ◦Ω1.

The following result follows directly from the definition of the involution in
Cc(G) and the assumption that a bond Ω is symmetric:

Proposition 3.3. Let (Ω, G,ν) be a bond. The closure of the subspace Cc(Ω) ⊆ Cc(G)
in the C∗-algebra C∗(G) is an operator system.

We will denote this operator system as E(Ω, G,ν) (or simply E(Ω) if no ambi-
guity can arise). Clearly, since supp( f ∗ g) ⊂ supp( f ) ◦ supp(g) this subspace is
in general not closed under the product in C∗(G), unless the bond Ω is all of G in
which case we have E(G) = C∗(G).

Example 3.4. Consider the infinite cyclic group Z as a groupoid. An example of a bond
is given by an interval Ωn = (−n, n) ⊂ Z for some integer n. The corresponding
operator system E(Ωn,Z) consists of sequences a = (an)n∈Z in C∗(Z) with the following
restricted support:

a = (. . . 0, a−n+1, a−n+2, . . . , an−2, an−1, 0 . . .)

This operator system was analyzed at length in [5], where we called it the Fejér–Riesz
operator system C∗(Z)(n). In particular, it has propagation number ∞.

Example 3.5. Consider now a finite cyclic group Cm. We can again consider the bond
Ωn = (−n, −n + 1 . . . , n − 1, n) ⊆ Z as in the previous example, but this time con-
sidered modulo m. We may then realize the corresponding operator system E(Ωn, Cm)
as the space of m × m banded circulant matrices with fixed band width (equal to n). In
particular, one finds the propagation number to be finite.

These two examples illustrate the important role played by the ambient groupoid,
since for the same bond (−n, n) but in different groups Z and Cm one gets differ-
ent, and not even Morita equivalent operator systems (in the sense of [9]).

3.1. Operator systems for tolerance relations. An important class of examples of
bonds is given by a symmetric and reflexive relation on a locally compact space X
equipped with a (Borel) measure of full support. Indeed, if we consider the pair
groupoid G = X ×X we may realize the relation as a symmetric subset R ⊆ X ×X
that contains the diagonal. In this case the operator system E(R) is a subspace of

the compact operators since C∗(G) ∼= K(L2(X)) [28, Example 2.12].
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Lemma 3.6. Let X be a locally compact space, equipped with a measure µ of full sup-
port. Then the operator system E(R1 ∗ R2) associated to the composition of two relations

R1, R2 on X coincides with [E(R1)E(R2) + E(R2)E(R1)]
−‖·‖.

Proof. Since E(R1 ∗ R2) = E(R1 ◦ R2) + E(R2 ◦ R1) it suffices to show that

E(R1 ◦ R2) = [E(R1)E(R2)]
−‖·‖ as operator spaces.

Let us first show that E(R1)E(R2) ⊆ E(R1 ◦ R2). Indeed, for kernels Fj ∈
Cc(R j) ( j = 1, 2) the convolution product

F1 ∗ F2(x, y) =
∫

X
F1(x, z)F2(z, y)dµ(z)

is supported in R1 ◦ R2, i.e. F1 ∗ F2 ∈ Cc(R1 ◦ R2). The result then follows by
taking closures.

For the other inclusion take a function F ∈ Cc(R1 ◦ R2) with supp(F) =: K.
We may find compact subsets K j ⊆ R j so that there exists an open subset U with

K ⊆ U ⊆ K1 ◦ K2. We then take two non-negative functions χ j ∈ Cc(R j) with
suppχ j = K j and realize that their convolution product χ1 ∗ χ2 will be a non-

negative function in Cc(R1 ◦ R2) with support equal to K1 ◦ K2 because µ has full
support. It is thus strictly positive on supp(F) so that we may approximate F by
functions of the form

(x, y) ∈ R1 ◦ R2 7→
M

∑
m=1

fm(x)gm(y)(χ1 ∗ χ2)(x, y); ( fm, gm ∈ Cc(X)).

Moreover, kernels of this form satisfy

G(x, y) =
M

∑
m=1

fm(x)gm(y)(χ1 ∗ χ2)(x, y) =
M

∑
m=1

G1,m ∗ G2,m(x, y)

where we have set G1,m(x, z) = fm(x)χ1(x, z) and G2,m(z, y) = χ2(z, y)gm(y).
Note that G j,m are continuous kernels with support in K j ⊆ R j for all m and we

have thus approximated F by functions in Cc(R1) ∗ Cc(R2). Taking closures then

gives the desired inclusion E(R1 ◦ R2) ⊆ [E(R1)E(R2)]
−‖·‖. �

3.2. Operator systems associated to tolerance relations on finite sets. We analyze
in more detail the structure of the operator system E(R) in the case that R is a
tolerance relation on a finite set X. In other words, we consider a bond R on
the pair groupoid associated to a finite set X. In this case, the unital operator
system E(R) is simply given by the linear span of rank-one operators exy for all

(x, y) ∈ R, acting linearly on the Hilbert space ℓ2(X). We will denote by K(ℓ2(X))
the matrix C∗-algebra of all linear operators on ℓ2(X).

It is useful to view R as a graph with the set of vertices given by X and the set
of edges by {xy : (x, y) ∈ R}.

Proposition 3.7. Let X be a finite set and R ⊆ X × X a symmetric reflexive relation on
X and suppose that R generates the full equivalence class X × X (i.e. the graph corre-
sponding to R is connected). Then

(1) The C∗-envelope of E(R) is C∗
env(E(R)) = K(ℓ2(X)).

(2) The propagation number can be expressed as prop(E(R)) = diam(R), in terms
of the graph diameter of R.
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Proof. For any x, y ∈ X with d(x, y) = d there is a sequence x = x0, x1, . . . , xd =
y of points in X such that (xi, xi+1) ∈ R. Hence exy = ex0x1 · · · exd−1xd

so that

C∗(E(R)) = K(ℓ2(X)). But then C∗(E(R)) is already the C∗-envelope because

any two-sided ideal is trivial and this applies in particular to the Šilov ideal. We
conclude that prop(E(R)) ≤ diam(R).

Conversely, suppose that prop(E(R)) = n < diam(R) and take two points
x, y ∈ X with d(x, y) > n. Then for all B1, . . . , Bn ∈ E(R) we have

0 = 〈ex, B1 · · · Bney〉

since Bi(xi−1, xi) = 0 whenever d(xi−1, xi) > 1 while d(xi−1, xi) ≤ 1) would imply

that d(x, y) ≤ n. But then 〈ex, Bey〉 = 0 for all B ∈ K(ℓ2(X)) which is clearly a
contradiction. We conclude that prop(E(R)) = diam(R). �

For the description of the dual operator systems and state space, we make use of

the following concrete realization of E(R). First we identify K(ℓ2(X)) ∼= M|X|(C)

using the canonical basis {ex}x∈X of ℓ2(X). Then we may write any element in
E(R) as a sparse |X| × |X| matrix with a fixed structure:

E(R) ∼= {B ∈ K(ℓ2(X)) | Bxy = 0 if (x, y) /∈ R}}.

As a matter of fact, we may identify E(R) ∼= SL(K(ℓ2(X))) using Schur–Hadamard
(=entrywise) multiplication SL with the matrix associated to the relation R:

(4) L = (Lxy); Lxy =

{
1 if (x, y) ∈ R
0 if (x, y) /∈ R

We will use the following basic result on binary matrices (i.e. matrices having
entries in {0, 1}).

Lemma 3.8. Let L be a binary matrix associated to a symmetric and reflexive relation.
Then the following statements are equivalent:

(i) The matrix L is positive semi-definite;
(ii) The entries of the matrix L satisfies the triangle inequalities;

Li j + L jk − Lik ≤ 1 (∀i, j, k);

(iii) The matrix L is associated to an equivalence relation.

Proof. (i) =⇒ (ii) follows since a violating triangle inequality should have Li j =
L jk = 1 and Lik = 0. This corresponds to a submatrix of the form




1 1 0
1 1 1
0 1 1




which is indefinite, violating positive definiteness of L.
For (ii) =⇒ (iii) one readily finds that the triangle inequalities imply transi-

tivity for the relation represented by L.
Finally, for (iii) =⇒ (i) we may permute the columns and rows of the matrix

L to write it as a direct sum of block matrices containing only 1’s. These blocks are

all of the form eTe with e =
(
1 1 · · · 1

)
, and hence positive semi-definite. �

Corollary 3.9. The matrix L defined in Equation (4) is positive semi-definite if and only
if the relation R is an equivalence relation. In this case E(R) is a matrix subalgebra of

K(ℓ2(X)).
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We are now ready to apply the general results on dual operator systems from

Section 2.4 to the finite-dimensional operator system E(R) ⊆ K(ℓ2(X)). We will

make use of the dual pairing with K(ℓ2(X))d ∼= K(ℓ2(X)):

K(ℓ2(X))d ×K(ℓ2(X)) → C; (ρ, B) 7→ Tr(ρB)

Proposition 3.10. (1) The dual operator system E(R)d of E(R) is linearly isomor-

phic to SL(K(ℓ2(X))) with cones of positive elements given by

Mn(E(R)d)+ = (SL)n(Mn(K(ℓ2(X)))+)

where SL denote Schur multiplication with the matrix given in Equation (4).

(2) We have SL(Mn(E(R)d)+) = SL(Mn(E(R)d))+ if and only if R is an equiva-
lence relation.

Proof. As in Theorem 2.18 we have E(R)d ∼= K(ℓ2(X))d/E(R)⊥. Since

E(R)⊥ ∼= {ρ ∈ K(ℓ2(X)) | ρxy = 0 if (x, y) ∈ R},

we find that the quotient map K(ℓ2(X))d → K(ℓ2(X))d/E(R)⊥ is given by Schur

multiplication with the matrix L. Hence E(R)d ∼= SL(K(ℓ2(X))) as linear vector
spaces.

The order structure on K(ℓ2(X))d/E(R)⊥ is defined as in Equation (3) (cf. [18])

in terms of the quotient map, so that E(R)d
+
∼= SL(K(ℓ2(X))+). Since K(ℓ2(X)) is

itself a matrix algebra, the extension to the matrix order is straightforward.
The second claim follows from Lemma 3.8, in combination with the fact that

SL is a completely positive map if and only if L is positive semi-definite (cf.[26,
Theorem 3.7]). �

For the pure states on the operator system E(R) we have the following result.

Proposition 3.11. Let X be a finite set and R ⊆ X × X a symmetric reflexive relation
on X. The restriction of a pure state ϕ ∈ P(ℓ2(X)) to E(R) is pure if and only if the
restriction of the relation R to the support S of ϕ generates the full equivalence relation
on S.

Proof. Let v be a vector implementing the vector stateϕ, one has vx 6= 0 ⇐⇒ x ∈
S. Assume that the restriction of the relation R to the support S ofϕ generates the

full equivalence relation on S. Let then w ∈ ℓ2(X) be a vector such that

(5) 〈w, Bw〉 ≤ 〈v, Bv〉, ∀B ≥ 0, B ∈ E(R)

Applying (5) to diagonal matrices shows that wx = 0 for all x /∈ S. Let then (i, j),
i 6= j, be a pair of elements of S which belongs to the relation R. Consider the map
ι : M2(C) → E(R) which puts zeros outside the pair (i, j) as a matrix with entries
in X. The pure state on M2(C) associated toϕ ◦ ι is given by the vector (vi, v j) up
to normalization, it is pure because it is a vector state. By (5) the inequality works
for all positive elements of M2(C) for the vector (wi, w j). This implies that there

exists a scalar λi, j such that (wi, w j) = λi, j(vi, v j). It follows that the ratio wi/vi is
independent of i since it is preserved by the relation R.
The converse follows from the existence of two disjoint equivalence classes in S
which split the restriction of the pure stateϕ. �
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4. OPERATOR SYSTEMS ASSOCIATED TO METRIC SPACES

For us the motivating examples of tolerance relations —and corresponding op-
erator systems— are given in terms of a metric space (X, d) equipped with the
relation

(6) Rε := {(x, y) ∈ X × X : d(x, y) < ε}

Thus, we consider points in the space X to be identical if they are within distance
ε. Clearly, this is reflexive and symmetric but not transitive (as long as ε is smaller
than the diameter of (X, d)).

Let us analyze the composition rule for these relations, considering for instance
Rε ∗ Rε′ for different ε,ε′ > 0. Clearly, one expects this to be related to Rε+ε′ but
only for a certain class of metric spaces for which the metric distance between two
points can be described in terms of smaller line segments. It turns out that the path
metric spaces of [11] forms precisely the class of metric spaces that allows this (such
spaces are called length spaces in [30]).

Definition 4.1. A path metric space is a metric space (X, d) for which the distance
between each pair of points equals the infimum of the lengths of curves joining the points.

In particular, they satisfy the following two crucial, equivalent properties [11,
Theorem 1.8]:

(1) for all x, y ∈ X and r > 0 there is a z such that

max{d(x, z), d(z, y)} ≤
1

2
d(x, y) + r

(2) for all x, y ∈ X and r1, r2 ≥ 0 such that r1 + r2 ≤ d(x, y) one has

(7) d (Br1(x), Br2(y)) ≤ d(x, y)− r1 − r2 .

We then arrive at the following result.

Lemma 4.2. Let (X, d) be a complete, locally compact path metric space and consider the
relation Rε defined in (6). For all ε,ε′ > 0 we have

Rε ∗ Rε′ = Rε+ε′ .

Proof. We clearly have Rε ◦ R′
ε ⊆ Rε+ε′ which proves the inclusion Rε ∗ R′

ε ⊆
Rε+ε′ . For the converse, take (x, y) ∈ Rε+ε′ so that d(x, y) < ε+ε′. Let r1 + r2 =
d(x, y) be such that r1 < ε, r2 < ε′. Then with (7) we find that

d (Br1(x), Br2(y)) = 0.

Hence there are sequences (zn) in Br1(x) and (z′n) in Br2(y) such that d(zn, z′n) → 0

as n → ∞. By the Hopf–Rinow Theorem, the closed balls Br1(x) and Br2(y) are
compact so that the sequences (zn), (z′n) have convergent sub-sequences that both

converge to the same element z ∈ X. In fact, z ∈ Br1(x) ∩ Br2(y) so that d(x, z) ≤
r1 < ε and d(z, y) ≤ r2 < ε′ as desired. �

4.1. Operator systems for finite partial partitions. In preparation for the study of
the operator system E(Rε) in the next subsection, we first analyze a class of finite-

dimensional operator systems E(RP
ε ) which are associated to the relation Rε and

so-called finite partial partitions P of a metric space X.

Definition 4.3. Let X be a metric space and let ε > 0.
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• A finite partial ε-partition of X is a finite collection P = {Ui} of disjoint sets
U ⊆ X such that diam(Ui) < ε;

• We say that a finite partial partition P′ is a refinement of another finite partial
partition P if each set in P′ that lies in the support of P is contained in a set in P
and if the supports ∪U∈PU ⊆ ∪U′∈PU′.

If X is equipped with a (Borel) measure, then we will further assume that all sets in a finite
partial ε-partition are all measurable and have finite and non-zero measure.

Note that the notion of refinement induces a directed partial ordering on the set
of finite partial ε-partitions of a metric space.

Let X be a metric measure space and P a finite partialε-partition. We can embed

the finite-dimensional Hilbert space ℓ2(P) in L2(X) by considering normalized

characteristic function 1U on U as elements in L2(X). The corresponding finite-
dimensional matrix algebra AP is then defined by

AP =

{

∑
U,V∈P

aUV |1U〉〈1V | : aUV ∈ C

}

and, in fact, we realize that AP
∼= K(ℓ2(P)). Note that the unit in AP is given by

eP = ∑U∈P |1U〉〈1U|.

Lemma 4.4. Let P, P′ be finite partial ε-partitions of a metric measure space X and let AP

be as defined above.

(1) If P ≤ P′ then AP ⊆ AP′ .
(2) The (algebraic) direct limit lim

−→
AP is a dense ∗-subalgebra of the compact opera-

tors K(L2(X)). Hence K(L2(X)) = lim
−→

AP is the C∗-algebraic direct limit.

(3) The algebra lim
−→

AP has a norm-defining approximate order unit (with respect to

the matrix norm and matrix order induced from K(L2(X)).

Proof. (1) follows from the fact that each U ∈ P can be written as a finite disjoint

union of sets U′
j ∈ P′. Hence, ℓ2(P) ⊂ ℓ2(P′) and thus also K(ℓ2(P)) ⊆ K(ℓ2(P′)).

For (2) we note that lim
−→

AP is the linear span of rank-one operators of the form

|1U〉〈1V| with diam(U), diam(V) < ε. Now, any L2-function on X can be ap-
proximated by a continuous function, which in turn can be approximated by step
functions of the form ∑U∈P cU1U for some sufficiently fine P. As a consequence we

find that lim
−→

AP is a dense subalgebra of the algebra K0(L2(X)) of all finite-rank

operators, whose closure is K(L2(X)).
For (3) we note that for any x ∈ AP we have −‖x‖eP ≤ x ≤ ‖x‖eP and this

indeed defines the norm of x. The approximate order unit for lim
−→

AP is then given

by {eP}P, indexed by all finite partial ε-partitions. �

Next, we define relations RP
ε associated to the partition P and the relation Rε

introduced in Equation (6).

Definition 4.5. Let X be a metric measure space and P a finite partial ε-partition of X.

We define a tolerance relation RP
ε on the finite set P by

RP
ε = {U × V | U, V ∈ P, U × V ⊆ Rε} ⊆ P × P.

As in Section 3.2 the corresponding finite-dimensional operator system E(RP
ε )

is given by the linear span of operators of the form |1U〉〈1V | with U × V ∈ Rε.
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Lemma 4.6. Let P, P′ be finite partial ε-partitions of a metric measure space X and let

E(RP
ε ) be as defined above.

(1) If P ≤ P′ then E(RP
ε ) ⊆ E(RP′

ε ).
(2) The approximate order unit {eP}P of lim

−→
AP is contained in E(RP

ε )

Proof. For (1) take U, V ∈ P with U × V ∈ Rε. As in the proof of Lemma 4.4 we
may write U = ∪ jU

′
j and V = ∪kV ′

k in terms of the refinement P′. But then also

U j × Vk ⊆ U × V ⊆ Rε and hence the rank-one operator |1U〉〈1V | ∈ E(RP
ε ) can

be written as ∑ j,k |1U′
j
〉〈1V ′

k
| which is an element in E(RP′

ε ).

For (2) it suffices to note that eP = ∑U∈P |1U〉〈1U| in terms of sets U with diam-
eter < ε. But then U × U ⊆ Rε so that eP ∈ E(RP

ε ). �

As a special case of the results obtained at the end of Section 3.2 we have:

Proposition 4.7. (1) The operator system E(RP
ε ) is complete order-isomorphic to

SL(AP) ⊆ AP, in terms of Schur–Hadamard multiplication with the matrix

L = (Li j); Li j =

{
1 if Ui × U j ⊆ Rε
0 if Ui × U j 6⊆ Rε

(2) The dual operator system E(RP
ε )

d of E(RP
ε ) is linearly isomorphic to SL(AP)

with cones of positive elements given by

Mn(E(RP
ε )

d)+ = (SL)n(Mn(AP)+)

(3) We have SL((AP)+) = SL(AP)+ if and only if RP
ε is an equivalence relation.

For the pure states of E(RP
ε ), Proposition 3.11 implies the following result.

Proposition 4.8. The restriction of a pure stateϕ ∈ P(l2(P)) to E(RP
ε ) is pure if and

only if the restriction of RP
ε to the support ofϕ generates the full equivalence relation.

Example 4.9. An interesting example of operator systems E(RP
ε ) are associated to finite

ε-partitions P of the unit interval [0, 1). Let us consider partitions of the form

(8) P =

{
Uk :=

[
k

p
,
(k + 1)

p

)}p−1

k=0

We set a lower bound ε > 1/p so that each cell Uk satisfies Uk × Uk ⊆ Rε. The (unital)
operator system EP(Rε) can then be realized as the operator system Ep,N of p × p band
matrices B of band width N, i.e.,

Ep,N := {B = (bi j) ∈ Mp(C) | bi j = 0 if |i − j| > N}

Indeed, the relation RP
ε on P that defines the operator system E(RP

ε ) can be written as

(9) RP
ε = {Uk × Ul : Uk × Ul ⊂ Rε} = {Uk × Ul : |k − l| ≤ N}.

so that a basis for E(RP
ε ) is thus given by {|1Uk

〉〈1Ul
|}|k−l|≤N which indeed spans the

band matrices of the claimed band width.
One quickly realizes that Ep,NEp,N′ = Ep,N+N′ and that the propagation number of

Ep,N ⊆ Mp(C) is equal to ⌈p/N⌉.
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4.2. Operator systems for metric spaces at finite resolution. Suppose now that
X is a path metric space, which is also a measure space with a measure of full

support. Consider the operator systems E(Rε) ⊆ K(L2(X)). It is convenient to
consider it as a limit of the operator systems associated to finite partial partitions

that we considered in the previous section. So let us write E (Rε) = lim
−→

E(RP
ε )

for the algebraic direct limit considered in Lemma 4.6; similarly we write Aε =
lim
−→

AP.

Proposition 4.10. Let X be a path metric measure space with a measure of full support.
Let E (Rε) ⊆ Aε be the (non-complete) operator system associated to the relation Rε as
defined above. Then

(1) E (Rε) is a dense subspace of the operator system E(Rε) and, consequently, we

have E(Rε) = lim
−→

E(RP
ε ), the closure of the algebraic direct limit;

(2) Aε is a dense ∗-subalgebra of the C∗-algebra K(L2(X));
(3) there exists a norm-defining approximate order unit for Aε which is contained in

E (Rε).

Proof. For (1) we note that E(Rε) is defined as the closure of the space of integral

operators π(F) on L2(X) with kernel F ∈ Cc(Rε). We may cover the compact
support of F by a finite collection P of open balls of radius < ε. Hence, there
are simple functions of the form ∑U×V⊆Rε cUV 1U×V that approximate F in L∞-

norm. But then the same is true in L2-norm, again by compactness of the support
of F. Consequently, the Hilbert–Schmidt operator π(F) may be approximated by

π(1U×V) = |1U〉〈1V| ∈ E(RP
ε ).

The second and third statement were already established in Lemma 4.6. �

It is not surprising that the operator system E(Rε) is closely related to the
Roe algebra [29] associated to the coarse metric structure of (X, d). Recall that
in the present context of a metric measure space, the Roe algebra (or translation
C∗-algebra) C∗(X) is the norm closure of locally compact and finite propagation

bounded operators on L2(X). Here an operator T is called locally compact if f T
and T f are compact for all f ∈ C0(X) and T has propagation < ε means that for
any x, y ∈ X with d(x, y) > ε then (x, y) is not in the support of T. One realizes as
in [25] that C∗(X) is filtered by the collection of self-adjoint subspaces (C∗(X)ε)ε>0

where C∗(X)ε is the closure of locally compact bounded operators with propaga-
tion less than ε. Now, since the support of an operator π(F) ∈ E(Rε) is given by
the essential support of the kernel F, we conclude that E(Rε) ⊆ C∗(X)ε for all
ε > 0.

The following result shows the interplay between the propagation number for
the operator system E(Rε) and the finite propagation of the corresponding opera-
tors.

Theorem 4.11. Let (X, d) be a complete, locally compact path metric measure space and
µ a measure on X with full support. Let E(Rε) be the operator system associated to the
relation d(x, y) < ε. Then

prop(E(Rε)) = ⌈δ/ε⌉

where ⌈·⌉ is the ceiling function and δ the diameter of (X, d). Moreover the same equality
holds after taking the minimal tensor product of E(Rε) with the compact operators in a
Hilbert space H.
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Proof. First observe that for n ≥ ⌈δ/ε⌉ we derive from Lemma 3.6 in combination
with Lemma 4.2 that

(10) E(Rε)
(n) = E(Rε ∗ · · · ∗ Rε) = E(Rnε) = K(L2(X))

since Rnε = X × X. Hence, we have C∗(E(Rε)) ∼= K(L2(X)). But then C∗(E(Rε))
is already the C∗-envelope of E(Rε) because any boundary subsystem in the C∗-

extension C∗(E(Rε)) of E(Rε) is trivial and this applies in particular to the Šilov
ideal. We conclude that prop(E(Rε)) ≤ ⌈δ/ε⌉.

Now let n be an integer such that nε < δ (i.e. n < ⌈δ/ε⌉). Let ξ , η ∈ L2(X,µ) be
such that the distance between the essential supports of ξ and η is > nε. One has
for K j = π(k j) ∈ E(Rε) that

〈ξ , K1K2 . . . Knη〉 =
∫
ξ(x1)k1(x1, x2) . . . kn(xn, xn+1)η(xn+1)∏ dµ(x j)

and the integrand vanishes identically since

d(x j, x j+1) ≤ ε ∀ j ⇒ d(x1, xn+1) ≤ nε⇒ ξ(x1)η(xn+1) = 0

This shows that one has

(11) 〈ξ , Tη〉 = 0, ∀T ∈ E(Rε)
(n)

Thus E(Rε)(n) cannot be a C∗-algebra since by the argument leading to (10) it
would then be the C∗-algebra of compact operators and the above vanishing does
not hold for some compact operator. Hence prop(E(Rε)) ≥ ⌈δ/ε⌉ which proves
the first claim.

This argument can be extended to the minimal tensor product of E(Rε) with
the compact operators K(H) on a Hilbert space H in the following way. Note first

that for any integer n > 0 we have (E(Rε)⊗min K(H))(n) = E(Rε)(n) ⊗min K(H)

essentially because K(H)(n) = K(H) (in fact, K(H)(n) is a closed two-sided ideal
in K(H), hence exhausts all of K(H)).

The next step consists of extending the inner product in (11) to E(Rε)(n) ⊗min

K(H) and apply the same argument as above. In fact, for any ξ , η ∈ L2(X,µ)

the map T → 〈ξ , Tη〉 is completely bounded from E(Rε)(n) to C, since it is the

restriction of a linear functional on the C∗-algebra B(L2(X)). If we tensor it with
the (also completely bounded) identity map on K(H) we arrive at a completely
bounded map

E(Rε)
(n) ⊗min K(H) → K(H); T ⊗ A 7→ 〈ξ , Tη〉 ⊗ A.

We find that for ξ , η ∈ L2(X) with sufficiently separated essential supports as
above, the K(H)-valued inner product is well-defined and in fact vanishes on all of

E(Rε)(n)⊗min K(H), showing that for n < ⌈δ/ε⌉ we have (E(Rε)⊗min K(H))(n) 6=
K(L2(X))⊗min K(H). �

This is in line with the result obtained for tolerance relations on finite sets in
Proposition 3.7. In fact, that result can be derived as a special case from Theorem
4.11. In order to see this, equip the finite set X with the graph metric obtained
from the given relation R ⊆ X × X, then for any 1 < ε < 2 one readily sees that
Rε = R.
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On physical grounds one could expect a relation between the operator sys-

tems E(RS1

ε ) for the circle at finite resolution ε and the Toeplitz operator system

C(S1)(n) obtained by spectral projection of the circle onto the first n Fourier modes.
The latter operator system has been considered at length in our previous work [5]
and also in [10]. The reason for having such a relation is that the truncation in
momentum space is expected to correspond to introducing a finite resolution in
position space. However, in view of the above results we conclude that such a
relation cannot be found directly by means of a complete order-isomorphism be-
tween the operator systems, and in fact even a stronger result is true.

Corollary 4.12. For ε small enough, there is no value of n such that the operator systems

C(S1)(n) and E(RS1

ε ) are stably equivalent.

Proof. If was shown in [5, Proposition 4.2] that prop(C(S1)(n)) = 2 for any n,
while the fact that the propagation number is invariant up to stable equivalence is
[5, Proposition 2.42]. �

4.2.1. State space of E(Rε). It is well-known that K∗ ∼= L1 isometrically via the

pairing (ρ, T) ∈ L1 ×K 7→ TrρT. This duality respects the natural ordering by
positive elements on both sides in the sense that

ρ ∈ L1
+ ⇐⇒ TrρT ≥ 0, ∀T ∈ K+,

and also

T ∈ K+ ⇐⇒ TrρT ≥ 0, ∀ρ ∈ L1
+.

We then have as a special case of Theorem 2.18.

Proposition 4.13. There is an isometrical order isomorphism E(Rε)∗h
∼= L1

h/E(Rε)⊥h .

Corollary 4.14. Any state on E(Rε) ⊆ K(L2(X)) can be written as T 7→ TrρT (T ∈
E(Rε)), in terms of a trace-class density operator ρ = ∑i λi|ξi〉〈ξi| with λi ≥ 0 and
ξi ∈ L2(X).

We see from Proposition 2.14 that for any pure state ϕ on E(Rε), there exists

a pure state on K(L2(X)) that extends ϕ. Since pure states on the compacts are
given by vector states, we find that any pure stateϕ on E(Rε) can be written as

ϕ : A 7→ 〈ψ, Aψ〉L2(X)

for someψ ∈ L2(X) of norm one. In general, the correspondence between P(E(Rε))
and P(L2(X)) is not expected to be one to one. However, this happens if one re-

stricts to pure states on K(L2(X)) whose support is ε-connected in the following
sense.

Definition 4.15. A subset Y of a metric space (X, d) is ε-connected if and only if the
equivalence relation on Y generated by the relation d(y, y′) < ε contains only one equiv-
alence class.

We let Pε(L2(X)) ⊂ P(L2(X)) be the subset of P(L2(X)) formed of pure states
|ψ〉〈ψ| where the essential support ofψ is ε-connected.

Lemma 4.16. The restriction map ρ : Pε(L2(X)) → S(E(Rε)) from ε-connected pure

states on K(L2(X)) to states on E(Rε) is injective.
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Proof. The state ρ(|ψ〉〈ψ|) is given by the pairing

ρ(|ψ〉〈ψ|)(k) =
∫

k(x, y)ψ(x)ψ(y)dµ(x)dµ(y)

which determines the product ψ(x)ψ(y) almost everywhere, for d(x, y) < ε. This
shows that if ρ(|ψ〉〈ψ|) = ρ(|ψ′〉〈ψ′|), then one has |ψ(x)| = |ψ′(x)| almost ev-
erywhere and there exists a measurable map u : X → U(1) well determined on
the support of ψ, such thatψ′(x) = u(x)ψ(x). Let us show that u is constant. One
has

d(x, y) < ε⇒ ψ(x)ψ(y) = ψ
′
(x)ψ′(y)

and this shows that for x, y in the essential support of ψ one has

d(x, y) < ε⇒ u(x) = u(y).

Thus since the support of ψ is ε-connected, one gets that u is constant. �

Lemma 4.17. Let X be a metric space with a measure µ with full support. The restriction
of a pure stateψ ∈ P(L2(X)) to E(Rε) is pure if and only if ψ is ε-connected.

Proof. Assume first that ψ is not ε-connected. Let S be the essential support of ψ
and S = S1 ∪ S2 a partition of S in two subsets such that the distance d(S1, S2) ≥ ε.
Withψ = |ξ〉〈ξ|, let ξ j = 1S j

ξ so that ξ = ξ1 +ξ2 and one has

d(S1, S2) ≥ ε⇒ 〈Tξi,ξ j〉 = 0, ∀i 6= j, ∀T ∈ E(Rε).

One thus gets that

ψ(T) = 〈Tξ1,ξ1〉+ 〈Tξ2,ξ2〉, ∀T ∈ E(Rε),

and one gets that the restriction ofψ to E(Rε) is not pure since it is the non-trivial

convex combination of the normalized states |ξ j〉〈ξ j| × ‖ξ j‖
−2.

For the converse, assume that the essential support S of ξ is ε-connected. The
vector state defined by ξ is pure if we have

〈η, Tη〉 ≤ 〈ξ , Tξ〉; ∀T ≥ 0, T ∈ E(Rε) =⇒ η ∈ Cξ .

Consider then such an η and note that the inequality holds for any positive T ∈
E(RP

ε ) ⊂ E(Rε) for any finite partial ε-partition P.
For any measurable subset U ⊂ X \ S of sufficiently small diameter but with

non-zero measure, we may consider the finite partial ε-partition P = {U}. Since

we have eP ∈ E(RP
ε ) we find that 〈η, ePη〉 ≤ 〈ξ , ePξ〉 = 0 . In other words,∫

U |η|2 ≤
∫

U |ξ|2 = 0 and we may conclude that the essential support of η is
contained in S.

For any two x, y ∈ S so that d(x, y) < ε we may consider sets U, V of diameter
< ε with x ∈ U, y ∈ V and U × V ⊂ Rε. By the assumption on the support
of µ they may be taken to have non-zero measure. Then we find for the partial

ε-partitions P = {U, V} that the vector state restricted to E(RP
ε ) becomes ePξ =:

(ξU,ξV) ∈ C2. By Proposition 4.8 this is a pure state on E(RP
ε ), whence the vector

ePη is a complex multiple of ePξ.
Let us now fix V and suppose that ηV = cξV for some c where we assume that

ξV 6= 0. Now for any U′ ⊂ U we still have U′ × V ⊂ Rε so that the argument
from the previous paragraph applies and we find that ηU′ = cξU′ . We conclude
that η = cη in a neighborhood of x.



22 ALAIN CONNES AND WALTER D. VAN SUIJLEKOM

Repeating this argument to any point at distance < ε from x and using ε-
connectedness of S we find that η is a constant multiple of ξ on the essential sup-
port of ξ. �

Theorem 4.18. Let X be a metric space with a measureµ with full support. The restriction

map ρ : Pε(L2(X)) → P(E(Rε)) from ε-connected pure states on K(L2(X)) to pure
states on E(Rε) is bijective.

Proof. First Lemma 4.17 shows that ρ maps ε-connected pure states to pure states.
Lemma 4.16 shows that ρ is injective. Let us show that it is surjective. By Hahn–
Banach extension there exists, given a pure state ϕ on E(Rε) a pure state ψ on

K(L2(X))whose restriction givesϕ. By Lemma 4.17 the pure stateψ isε-connected.
�
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