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Abstract. We give another proof of the noncommutative analog of the Vieta theorem. This proof
gives a little bit stronger statement and leads to some generalizations.
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The following matrix analog of the Vieta theorem was proved in [1]. Let X1 ; :::; Xn
denote n independent solutions of the matrix equation

X n + A1 X n 1 +    + An = 0:

(1)

Here X; A1 ; :::; An are m  m complex matrices. (The solutions X1 ; :::; Xn are
called independent if the coefficients A1 ; :::; An can be expressed in terms of
X1; :::; Xn . A more precise definition of independence will be given later.) Then
TrX1 +    + TrXn
det X1 

=

TrA1 ;

    det Xn = ( 1)n det An :

(2)
(3)

More generally,
det(1

X1)::: det(1 Xn ) = det(1 + A1  +    + Ann )

(4)

for every complex . One can expand Equation (4) in power series with respect to
. Then we obtain expressions for P TrXik in terms of the coefficients A1; :::; An :
X k
X k
TrXi =
Tr(Ai :::Ais )( 1)s :
(5)
s
i ++is =k
1

1

It was shown in [1] that analogous statements are correct also in the case when
X; A1 ; :::; An in Equation (1) are considered as elements of an arbitrary associative
ring A with trace and /or determinant satisfying the standard requirements. The
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aim of this Letter is to give a new proof of the results of [1] and to present some
generalizations of these results. Equations (2)–(4) were proved in [1] at first for the
matrix case; the case of an arbitrary ring was analyzed by means of reduction to the
matrix case. We were able to directly analyze the general case. Moreover, already
in the matrix case, our statements are a little bit stronger than the results of [1].
Let us consider Equation (1), where X; A1 ; :::; An are elements of an associative
ring A. We say that the solutions X1 ; :::; Xn are independent if the coefficients
A1; :::; An can be expressed in terms of X1 ; :::; Xn . In other words, the matrix

0 X n 1 ::: X n
n
1
B
=B
@

1

X1 ::: Xn
1 ::: 1

1
CC
A

(6)

should be invertible (i.e.  2 GLn (A)). We will prove that in this case the matrix

0 A1 ::: An 1
B 1
CC
=B
B@
CA
..
.

(7)

1
is similar to the diagonal matrix

0 X1
=B
@

..

.

Xn

1
CA :

(8)

The proof is based on the remark that

0 X n :::: X n 1
n
1
B
CC
::::
=B
2 A:
@ 2

=

, where

X1 :::: Xn
X1 :::: Xn

At the same time, we have 

 = 

=

, therefore
(9)

(Here ; ;  are considered as elements of the ring Mn (A) of n  n matrices with
entries from A.) We assumed that  is invertible, therefore and  are similar.
Notice, that the identity (9) is similar to the key step of the proof of the Bott
periodicity theorem (see, e.g., [5]).
Let us assume that there is a notion of determinant in the ring A (in other words,
we fix a homomorphism det : A ! k where k is a commutative ring). It is well
known [3] that in this case there is also a notion of determinant in the ring Mn (A).
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We obtain that
det

= det :

(10)

Equation (3) follows immediately from (10).
Now let us assume that there is a notion of a trace in the ring A (i.e. we fix an
additive homomorphism Tr of A into an Abelian group obeying Tr ab = Tr ba).
Then we can introduce the notion of trace also in the ring Mn (A). We obtain that

= Tr  l
for every l = 1; 2; :::: Equation (5) follows immediately from (11).
Tr l

(11)

The statements above can be expressed in terms of noncommutative generalization of elementary symmetric functions. Let us consider the expressions of the
coefficients A1 ; :::An of (1) in terms of independent solutions X1 ; :::; Xn . These
expressions (or, more precisely, the expressions for k = ( 1)k Ak ) are called
elementary symmetric functions of noncommuting variables X1 ; :::; Xn (cf. [2]).
Then it follows from the consideration above that

n(X1 ; :::; Xn ) = X1 :::Xn in K1 (A):
(12)
(Recall that K1 (A) is a commutative group obtained from GL1 (A) by means

of factorization with respect to the ideal generated by all elements of the form
aba 1b 1.) Analogously,

1(X1 ; :::; Xn ) = X1 +    + Xn

in HH0 (A);

(13)

where HH0 (A) can be defind as a quotient of A with respect to a linear subspace
spanned by all elements of the form ab ba, where a; b 2 A. (The group HH0 (A)
can be identified with the zero-dimensional Hochschild homology group of A.)
Recently, Gelfand and Retakh [4], motivated by a wish to find more complete
formulation of the noncommutative Vieta theorem, than in [1], proved the following
interesting theorem:
THEOREM. For generic X1 ; :::Xn one can find rational expressions vl (X1 ; :::Xn )
in such a way that elementary symmetric functions k (X1 ; :::Xn ) can be expressed
in terms of Yl = vl 1 Xl vl by the formula

k (X1 ; :::; Xn ) =

X

i1 <i2 <:::<ik

Yik Yik :::Yi :
1

1

It is easy to see that (12) and (13) follow from this theorem.
The above consideration can be generalized as follows. Let us consider a matrix

0 A11 ::: A1n 1
A 2 Mn(A):
=@
An1 ::: Ann

(14)
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An element  2 A is called an eigenvalue of if there exist elements x1; :::; xn
obeying

A11 x1 +    + A1n xn = x1 
:::
:::
An1x1 +    + Annxn = xn:

2A
(15)

The column

0 x1 1
X =B
@ ... CA

(16)

xn

is called an eigenvector of .
We say that the eigenvectors

0x 1
0x 1
11
1n
B
C
B
.
.
X1 = @ . A ; :::; Xn = @ ... C
A
xn1

xnn

(17)

are independent if the matrix

0 x11 ::: x1n 1
B
CC
 = (X1 ; :::; Xn ) = B
A
@

(18)

xn1 ::: xnn

is invertible.
One can verify, that every solution X of Equation (1) generates an eigenvector
(X n 1 ; X n 2; :::; 1) of the matrix (7); the corresponding eigenvalue is equal to X .
If the solutions X1 ; :::Xn of equation (1) are independent, then the corresponding
eigenvectors of (7) are also independent.
It is easy to check that

 = 

(19)

where  stands for the diagonal matrix  = diag(1 ; :::; n ); and  are correspondingly given by (14) and (18). If the eigenvalues 1 ; :::; n correspond to
independent eigenvectors, we obtain that the matrix is similar to the matrix
 = diag(1 ; :::; n ). This statement permits us to generalize the above results.
For example, if there is a notion of trace in A, we obtain that
Tr A11 +    + Tr Ann

= Tr 1 +    + Trn :

(20)
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More generally,

n
X
k =1

Tr lk

=

X
16ir 6n

Tr Ai0 i1 Ai1 i2 :::Ail 1 i0

(21)

(We use the fact that the matrix l is similar to the diagonal matrix l =
diag (l1 ; :::; ln ). The equation (5) follows immediately from (21)).
Let us notice in conclusion that the matrix equation (1) is related to the matrix
differential equation
dn '
dtn

n 1
+ A1 ddtn '1 +    + An

1

d'
dt

+ An ' = 0

(22)

Namely, if X1 ; : : : ; Xn are independent solutions of (1), than the general solution
of (22) can be written in the form

'(t) = eX tC1 +    + eXnt Cn;
1

where C1 ; :::; Cn are arbitrary matrices. (The condition of independence permits
us to express C1 ; :::; Cn in terms of Cauchy data.) Analogously, the system (15),
where Aij and xi are considered as matrices, is related to the system of matrix
differential equations

A11 dd't +    + A1n dd'tn = 0;
An1 dd't +    + Ann dd'tn = 0:
1

(23)

1
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